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ABSTRACT 
This  i s  the  l a s t  of s i x  volumes, each bearing the  same report  number, 
but deal ing with separa te  problenl a r e a s  concerning the  s t a b i l i t y  of eccen- 
t r i c a l l y  s t i f f e n e d  c i r c u l a r  cyl inders .  The complete s e t  of documents was 
prepared under NASA Contract NAS8-11181. This p a r t i c u l a r  volume includes a  
d i g i t a l  computer program which determines c r i t i c a l  combinations of a x i a l  
load ( t ens ion  o r  compression) and r a d i a l  pressure (burs t ing  o r  crushing) .  
The t h e o r e t i c a l  b a s i s  f o r  t h i s  program is a  so lu t ion  developed by the  NASA 
Langley iiesearch Center. No considerat ion i s  given t o  the inf luences  of pre- 
buckling d i s t o r t i o n s  from the  t r u e  c y l i n d r i c a l  shape. Under the  sponsorship 
of the  NASA Marshall Space F l igh t  Center, t h e  General Dynamics Convair 
Division has extended t h e  foregoing t h e o r e t i c a l  s o l u t i o n  t o  incorporate the 
inf luences  of ex te rna l  running shear  a c t i n g  e i t h e r  alone o r  i n  combination 
with a x i a l  load and/or r a d i a l  pressure.  The extended so lu t ion  is a l s o  
presented here. I n  addi t ion ,  some d iscuss ion  is  given of t h e  case where 
e c c e n t r i c a l l y  s t i f f e n e d  cy l inde r s  a r e  subjec ted  t o  ove ra l l  bending ac t ing  
e i t h e r  alone o r  i n  combination wi th  a x i a l  load. 
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Symbo 1 
DEFINITfON OF SYMBOLS 
Definition 
Amplitude of buckling displacement component 
[see equations (2-12)l. 
Cross-sectional area of single ring (no 
cylindrical skin included). 
Cross-sectional area of single stringer 
(no cylindrical skin included). 
A11'A12'A13' 
A22' A23 ' A33 Parameters defined by equations (2-11). 
a Overall length of cylinder, 
a Amplitude of buckling displacement component 
n 
t see equations (2-18) 7. 
B Amplitude of buckling displacement component 
m 
[ see equations (2-12) 1. 
Amplitude of buckling displacement component 
[ see equations (2-18) 1. 
Amplitude of buckling displacement component 
[see equations (2-12)]. 
Amplitude of buckling displacement component 
[see equations (2-1813. 
Amplitude of buckling displacement component 
[see equations (2-12)J. 
Preceding page Mank ix 
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DEFINITION OF SYMBOLS 
(Continued) 
Symb o 1 
"x* ", 
Definition 
Bending stiffnesses of basic cylindrical skin in 
longitudinal and circumferential directions, 
respectively, (For isotropic skins, 
3 D = D  s E t  /12). 
X Y 
Twisting stiffness of basic cylindrical skin 




Amplitude of buckling displacement component 
[see equations (2-12) 1. 
Young's modulus for ring. 
Young's modulus for stringer. 
Extensional stiffnesses of basic cylindrical skin 
in longitudinal and circumferential directions, 
respectively. (For isotropic skins, Ex = E = ~ t ) .  
Y 
Amplitude of buckling displacement component 
[ see equations (2-12) 1. 
Modulus of elasticity in shear. 
Parameter defined by equation (2-15). 
Ring modulus of elasticity in shear. 
Stringer modulus of elasticity in shzar, 
In-surface shear stiffness of basic cylindrical 
- 
skin  or isotropic skins, G = Gt). 
XY 
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DEFINITION OF SYMBOLS 
(Continued) 
Symb 01 Defin i t ion  
Moment of i n e r t i a  of s i n g l e  r i n g  (no c y l i n d r i c a l  
s k i n  included) taken about middle surface of bas ic  
c y l i n d r i c a l  skin. 
Moment of i n e r t i a  of s i n g l e  s t r i n g e r  (no c y l i n d r i c a l  
s k i n  included) taken about middle surface of bas i c  
c y l i n d r i c a l  skin.  
Centroidal moment of i n e r t i a  of s i n g l e  r i n g  (no 
c y l i n d r i c a l  s k i n  included) 
Centroidal  moment of i n e r t i a  of s i n g l e  s t r i n g e r  
(no c y l i n d r i c a l  s k i n  included).  
Torsional constant of s i n g l e  r i n g  (no c y l i n d r i c a l  
s k i n  included) .  
Torsional  constant of s ing le  s t r i n g e r  (no c y l i n d r i c a l  
s k i n  included).  
Ring spacing. 
Bending and twi s t ing  s t r e s s  r e s u l t a n t s  of bas ic  
c y l i n d r i c a l  skin.  
Number of a x i a l  half-waves i n  buckle pa t t e rn ;  
summation index. 
Normal and in-surface shear  s t r e s s  r e s u l t a n t s  of 
b a s i c  c y l i n d r i c a l  skin.  
x i  
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DEFINITION OF SYMBOLS 
(Continued) 
Def in i t ion  
Uniformly d i s t r i b u t e d  appl ied  longi tudina l  
running load  a c t i n g  a t  the cent ro id  of skin- 
s t r i n g e r  combination (pos i t ive  f o r  compression; 
negative f o r  tension) .  
Peak value of non-uniformly d i s t r i b u t e d  component 
of appl ied  longi tudina l  running load a c t i n g  a t  the  
cen t ro id  of sk in-s t r inger  combination t see  equation 
(2-1711; (pos i t ive  f o r  compression; negative f o r  
tens ion) .  
Value of uniformly d i s t r i b u t e d  component of applied 
longi tudina l  running load a c t i n g  at t h e  cent ro id  of 
sk in-s t r inger  combination t see equat ion (2-17) 1 ; 
( p o s i t i v e  f o r  compression; negative f o r  tens ion) .  
See equat ion (2-17). 
C r i t i c a l  value of uniformly d i s t r i b u t e d  longi tudina l  
- 
running load N when a c t i n g  alone. 
X 
Uniform running shear  load due t o  applied ove ra l l  
ex te rna l  torque a c t i n g  about a x i s  of revolut ion.  
Uniformly d i s t r i b u t e d  appl ied  c i rcumferent ia l  running 
load a c t i n g  a t  the  cen t ro id  of the  skin-ring com- 
b ina t ion  (pos i t ive  f o r  compression; negative f o r  tension) .  
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DEFINITION OF SYMBOLS 
(Continued) 
Symbol D e f i n i t i o n  
C r i t i c a l  value of uniformly d i s t r i b u t e d  circum- 
f e r e n t i a l  running load  IN when a c t i n g  alone.  
Y 
Number of c i r cumfe ren t i a l  full-waves i n  buckle 
p a t t e r n ;  summation index. 
Radius t o  middle su r f ace  of b a s i c  c y l i n d r i c a l  s k i n .  
Rat io  of app l i ed  a x i a l  load ing  (c) t o  t h e  c r i t i c a l  
value  of a x i a l  load ing  when a c t i n g  a lone (% 
X 
0 
Rat io  of app l i ed  c i r cumfe ren t i a l  load ing  (W ) t o  t h e  
Y 
c r i t i c a l  va lue  of c i r cumfe ren t i a l  load ing  when a c t i n g  
a lone (W 1 .  
Yo 
Rat io  of an  app l i ed  load ( o r  s t r e s s )  t o  t h e  c r i t i c a l  
va lue  for t h a t  type  of Load ( o r  s t r e s s )  when a c t i n g  
a 1  one. 
Thickness of b a s i c  c y l i n d r i c a l  skin .  
Displacements i n  t h e  x, y, and z d i r e c t i o n s ,  
r e s p e c t i v e l y ,  of a po in t  i n  middle s u r f a c e  of b a s i c  
c y l i n d r i c a l  skin .  
h p l i  tudes  of buckl ing displacements C see  equa t ions  
(2-9) I.  
Longitudinal,circumferential,and r a d i a l  d i r e c t i o n s ,  
r e s p e c t i v e l y ,  
Distance from c e n t r o i d  of  r i n g  (no b a s i c  c y l i n d r i c a l  skin 
inc luded)  t o  middle su r f ace  of b a s i c  c y l i n d r i c a l  s k i n  
( p o s i t i v e  f o r  e x t e r n a l  r i n g s ;  nega t ive  f o r  i n t e r n a l  r i n g s ) .  
xiii 
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DEFINITION OF SYIIBOLS 
(Continued) 
D e f i n i t i o n  
Distunce fplull~ ootrtroi tl of s t r inger* (no bagic  
c y l i n d r i c a l  o1ri.n included)  t o  middle s u r f a c e  of 
b a s i c  c y l i n d r i c a l  s k i n  ( p o s i t i v e  f o r  e x t e r n a l  
s t r i n g e r s ;  nega t i ve  f o r  i n t e r n a l  s t r i n g e r s ) .  
Knock-down f a c t o r  f o r  c i r c u l a r  c y l i n d e r  sub j ec t ed  
t o  pure a x i a l  l oad  ( s e e  Volume V). 
Knock-down f a c t o r  f o r  c i r c u l a r  c y l i n d e r  sub j ec t ed  
t o  pure bending ( s e e  Volume V) , 
Quan t i t y  de f i  ned by equa t i ons  (2-21). 
Q u a n t i t y  def ined  by equa t i ons  (2-10). 
S t r a i n s  i ~ t  middle s u r f a c e  of b a s i c  c y l i n d r i c a l  sk in .  
Longi tudinal  s t s ~ i n  of s t r i .nger .  
C i rcumferen t ia l  s t r a i n  of r i ng .  
Po isson ' s  r a t i o  (For  i s o t r o 2 i c  ina te r ia l ) .  
Po isson ' s  r a t i o s  f o r  bending of o r t h o t r o p i c  s k i n  i n  
l ong i tud ina l  and c i r cumfe ren t i a l  d i r e c t i o n s ,  
r e s p e c t i v e l y  (For i s o t r o p i c  sk in s ,  
Po isson ' s  r a t i o s  f o r  ex tens ion  of orthotro;>ic s k i n  
i n  1ong i tud in ;~ l  ant1 c i r cumfe ren t i a l  d i r e c t i o n s ,  
r e spec t i ve ly .  (For i s o t r o p i c  skins, 
- 
I )LX - Py = vx' = )Ly = p 1. 
Tota l  change (due t o  buckl ing d i sp lacen~ents )  i n  
p o t e n t i a l  energy of loaded s t i f f e n e d  cy l i nde r  (Also 
used as convent ional  notnt i : )n  for t h e  cons tan t  
3 1 4  ---I . 
Change (due t o  buckl ing displacements)  i n  s t r a i n  
energy of b a s i c  c y l i n d r i c a l  sk in .  
x i  v 
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DEFINITION OF SYMBOLS 
(Continued) 
Symbo 1 Def in i t ion  
Change (due t o  buckling displacements) i n  
potent ia l  energy of  external  loading. 
Change (due t o  buckling displacements) i n  
s t r a i n  energy of r ings .  
Change (due t o  buckling displacements) i n  s t ra in  
energy of s t r ingers .  
Cr i t i ca l  buckling stress 
NOTE: 1 subscript preceded by a comma denotes par t ia l  d i f f erent ia t ion  
with respect t o  the subscript variable .  For example, 
XV 
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SECTION 1 
INTRODUCTION 
For i s o t r o p i c  cy l inders  t h a t  a r e  subjected t o  combined ex te rna l  
loads,  i t  is customary t o  represent  the  c r i t i c a l  loading combinations 
by means of so-cal led i n t e r a c t i o n  curves. Figure 1 shows the  graphical  
format usua l ly  employed f o r  t h i s  purpose. 
I 
Figure 1 - Sample I n t e r a c t i o n  Curve 
f o r  I so t rop ic  Cylinders 
The quan t i ty  R1 i s  the r a t i o  of an appl ied load or s t r e s s  t o  the  c r i t i c a l  
value f o r  t h a t  type of loading when ac t ing  alone. The quant i ty  R is 2 
s i m i l a r l y  defined f o r  a second type of loading. Curves of t h i s  type give 
a  very c l e a r  p i c tu re  a s  to  the  s t r u c t u r a l  i n t e g r i t y  of p a r t i c u l a r  configura- 
t ions .  A l l  computed poin ts  which f a l l  within the  a rea  bounded by the  i n t e r -  
ac t ion  curve and the  coordinate  axes correspond t o  s t a b l e  s t ruc tu res .  A l l  
po in t s  ly ing  outs ide t h i s  reg ion  ind ica te  t h a t  buckling w i l l  occur. Further- 
more, a  measure of the  margin of s a f e t y  is given by the  r a t i o  of d is tances  
from the  ca lcu la t ed  point  t o  t h e  curve and t h e  or ig in .  I n  view of the  
h i s t o r y  of s a t i s f a c t o r y  experience w i t h  t h i s  type of curve i n  the  design 
1-1 
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and a n a l y s i s  of i s o t r o p i c  c y l i n d e r s ,  i t  is q u i t e  n a t u r a l  t o  cons ide r  t h e  
a p p l i c a t i o n  of t h i s  concept t o  eccentrica1,Zy s t i f f e n e d  c y l i n d e r s  t h a t  
a r e  sub j ec t ed  t o  combined loads .  However, whereas t h e  behavior  of i s o t r o p i c  
c y l i n d e r s  can be adequa te ly  covered by a  s i n g l e  curve f o r  each two-load 
combination, t h e  f i n d i n g s  r epo r t ed  i n  t h i s  volume show t h a t  a  m u l t i p l i c i t y  
of curves  i s  r e q u i r e d  f o r  each t ~ o - ~ o a d  combination a p p l i e d  t o  e c c e n t r i c a l l y  
s t i f f e n e d  c i r c u l a r  cy l i nde r s .  Th i s  cornplexity iar ises  ou t  of t h e  g r e a t e r  
number of independent v a r i a b l e s  r e q u i r e d  t o  de sc r ibe  t h e , p h y s i c a l  f e a t u r e s  
of t h e  l a t t e r  con f igu ra t i ons .  To keep t h e  number of such curves  w i t h i n  
reasonable  bounds, one must r e s o r t  t o  is impl i f ic i r t ions  which r e s u l t ,  of 
course ,  i n  a l o s s  of r i g o r .  However, s u f f i c i e n t  accuracy can be r e t a i n e d  
t o  make such curves  ufieful f o r  i n i t i a l  s i z i n g ,  rough checking,  and t h e  s t u d y  
of t rends .  For t h e  purposes of a f i n a l  des ign,  more r e f i n e d  .values  would 
be requ i red .  I n  gene ra l ,  these  ciln only  be obta ined as s ing l e -po in t  s o l u t i o n s  
from digital computer programs. 
1-2 
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SECTIUN 2 
2.1 COMBPNICI) AXI.\L U d i 1 J  / \Nil  RADIAL PlZE8rSURE 
'Fhe t h e o r e t i c a l   solution by block,  Curd, and Mikutals 111 provide6 
a s u i t a b l e  mean8 f o r  t he  stab% l ity : % ~ i l l . y ~ i  a of e c c e n t r i c a l l y  s t i f f e n e d  
circti1;ar c y l i n d e r s  th l l t  ure  sub j ec t ed  t o  combined a x i a l  l o i ~ d  (tenlrion o r  
cornpression) and r a d i a l  p ressure  ( b u r s t i n g  o r  c ru sh ing ) .  Th i s  s o l u t i o n  
has  been v e r i f i e d  through the  r e d e r i v a t i o n  of r e f e r ence  2. I n  gene ra l ,  t h e  
development by Block, e t  n l .  [ l l  was accoinplished by t h e  appl icrr t ion of 
v a r i i t i o n a l  t echn iques  t o  e s t a b l i s h  b i f u r c a t i o n  p o i n t s  (see  Volume I [3]) 
along an i n i t i a l l y  l i n e a r  equ i l i b r i um path. This  was achieved by f i r s t  
formulat ing exp re s s ions  f o r  t h e  changes i n  s t r a i n  energy due t o  t h e  buckling 
displacements.  For the b a s i c  c y l i n d r i c a l  s k i n  t h i s  increment w a s  expressed 
as fol lows:  
where 
C E  = S t r a i n s  a t  niiddle su r f ace  of b a s i c  c y l i n d r i c a l  
X '  Y' 'XY skin.  
'=c 
= Change (due t o  buckl ing d i sp l acenen t s )  i n  
s t r a i n  energy of b a s i c  c y l i n d r i c a l  sk in .  
x = Longi tudinal  d i r e c t i o n .  
Y = Circumferen t ia l  d i r e c t i o n .  
H = Cylinder  r a d i u s ,  
a = Overa l l  l e n g t h  of cy l inder .  
Numbers i n  b r a c k e t s  [ 1 i n  t h e  t e x t  denote r e f e r e n c e s l i s t e d  i n  SECTION 6. 
2- 1 
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The manner ' in  which Block, e t  a1 t l )  formulate the  s t r e s s  r e s u l t a n t s  
f a c i l i t a t e s  a n a l y s i s  where the  bas ic  c y l i n d r i c a l  sk ins  themselves have 
o r tho t rop ic  proper t ies .  Proceding then  t o  the  longi tudina l  s t i f f e n e r s ,  
t h e i r  change i n  s t r a i n  energy was expressed as follows: 
where 
Change (due t o  buckling displacements) i n  s t r a i n  
energy of longi tudina l  s t i f f e n e r s .  
Cross-sectional a rea  of longi tudina l  s t i f f e n e r  (no 
c y l i n d r i c a l  s k i n  included) .  
Longitudinal s t r a i n  of longi tudina l  s t i f f e n e r .  
S t r inge r  spacing. 
Shear modulus of longi tudina l  s t i f f e n e r .  
Torsional  constant of longi tudina l  s t i f f e n e r .  
Radial displacement. 
The change i n  s t r a i n  energy of t h e  c i rcumferent ia l  s t i f f e n e r s  was found 
from 
where 
& = Ring spacing 
r = Subscript  denoting r i n g  (c i rcumferent ia l  s t i f f e n e r  
not inc luding  any c y l i n d r i c a l  sk in ) .  
2- 2 
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The change in the p o t e n t i a l  energy of t h e  externial loadink! was taken us 
where 
= Change (due t o  buckl ing displacements)  i n  p o t e n t i a l  
energy of external .  loading.  
- 
N = Applied running a x i a l  load.  
X 
- Applied running hoop load.  
"N xr 
-J 
N = Applied running in -sur face  s h e a r  load,  
XY 
Although t h i s  exp re s s ion  i nc ludes  t h e  app l i ed  running shear l oad  % XY' 
Bloclc, e t  a l .  [11 l a t e r  s e t  t h i s  term equa l  t o  ze ro  s o  t h ' l t  t h e i r  f i n a l  
equa t ion  a p p l i e s  only  t o  t h e  case  of app l i ed  a x i a l  l oad  and/or app l i ed  
r a d i a l  pressure .  
By making use of equa t i ons  (3-1) through (2-4) ,  t he  t o t a l  p o t e n t i a l  
energy of the  system w a s  expressed a s  fol lows:  
The next s t e p  was t o  employ t h e  p r i n c i p l e  of s t a t i o n a r y  p o t e n t i a l  energy 
( see  Volume I [ 3 l ) t o  a r r i v e  i i t  t h e  fol lowing s e t  of equ i l ib r ium equiitions 
i n  terms of t h e  buckl ing displnceinents u, v, and w: 
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E A 
s s -  'rAr - rp \ Ell 
- d ZsU' - -  2: xxx 9, r + v ' ~ ~ ~  ) + + (v,y + :) 
Block, et al, [l] then obtained a solution to these equations by assuming 
boundary conditions of classical simple support and the following set of 
buckling displacement functions: 
- m7cx 
u = u COS - cos 2x 
a R 
- mxx 
v = v sin -
a 
sin fSY. R 
- mxx w = w sin - cos a 
a R 
m = Number of longitudinal half-waves in buckle pattern, 
n = Number of circumferential full-waves in the buckle 
pat tern. 
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By substituting equations (2-9) into the equilibrium equatians, it can 
be observed that the existence of non-trivial buckling displacements 
requires that a certain determinant vanish. This condition reduces to 
the stability equation 
where the A 's ar'e functions of the material properties, the geometry i j 
of the cylinder, and the shape of the buckle pattern. In p:rrticular,these 
quantities can be expressed as follows: 
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Note t h a t  t h e  fo rego ing  A i j t s  a r e  not  t he  e l a s t i c  cons t an t s  def ined  i n  
Volume I [37 and used elsewhere throughout t h i s  multiple-volume r epo r t .  
Equation (2-10) is  t h e  fundamental buckl ing c r i t e r i o n  t h a t  emerges 
from t h e  d e r i v a t i o n  of Block, e t  a l .  [ I? .  I t  should be observed t h a t  t h i s  
equa t ion  does nothing more than  e s t a b l i s h  Ex and d va lues  which a r e  capable  
Y 
of main ta in ing  t h e  c y l i n d e r  i n  deformed con f igu ra t i ons  which correspond t o  
p a r t i c u l a r  numbers of l o n g i t u d i n a l  half-waves m and c i r cumfe ren t i a l  f u l l  
waves n . Cal l ing  upon t h e  b i f u r c a t i o n  concept discussed  in Volume I 137, 
i t  fol lows t h a t  t h e  c r i t i c a l  buckl ing l oads  can be e s t a b l i s h e d  by exp lor ing  
t h e  pos s ib l e  deformed equ i l i b r i um con f igu ra t i ons  f o r  a minimum load  condi t ion .  
The d i g i t a l  computer program of SECTION 5 makes use of equa t ion  (2-10) i n  
p r e c i s e l y  t h i s  manner. Through t h e  i n p u t ,  t h e  a n a l y s t  p r e s c r i b e s  t h e  r anges  
of m and n  t o  be explored.  The machine t h e n  computes t h e  Ex o r  v a l u e s  
Y 
corresponding t o  each inc luded  m-n combination and p r i n t s  out  t h e  lowermost 
load  encountered. Fur ther  ref inement  t o  t h i s  program could e a s i l y  be 
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accomplished t o  e l i ln ina ta  t h e  p r i o r  judgements r equ i r ed  of t h e  u se r  i n  
s e l e c t i n g  uppropr ia te  ranges  of m and n t o  be screened,  
Although t h e  foregoing s o l u t i o n  can be considered s u i t ~ b l e  f o r  t h e  
purposeB of f i n a l  d o ~ i g n ,  i t  i a  not in tended t h a t  t h e  r eade r  i n t e r p r e t  
t h i e  t o  mean t h u t  et luation (2-10) i a  perfectly r i go rous .  A t  b ea t ,  i t  re- 
p r e s e n t s  a s t a t e -o f - t he - a r t  opa ra t i ona l  c a p a b i l i t y  i n  a r a p i d l y  changing 
technology. For one t h ing ,  i t  sliould be noted t h a t  t h i s  s o l u t i o n  irs b a ~ s d  
on sma l l -de f l ec t i on  theory.  Iience, t h e  t h e o r e t i c a l   result^ obtained from 
equa t ion  (2-10) muat be reduced hy app rop r i a t e  knock-down f a c t o r e  ( see  
Volume V i 4 l ) t o  account f o r  t h e  de t r imenta l  e f f e c t s  of i n i t i a l  imperfect ions .  
Furthermore, t h e  s u b j e c t  s o l u t i o n  i s  based upon t he  complete neg l ec t  of non- 
c y l i n d r i c a l  pro-buckling d i s t o r t i o n s  which can be extremely important  where 
t pressure  d i f f e r e n t i a l s  e x i s t  a c ro s s  t he  s h e l l  wall. End and r i n g  r e s t r a i n t  
t o  Po i s son ' s - r a t i o  hoop growth f u r t h e r  c o n t r i b u t e  t o  t h i s  type of pre- 
buckl ing deformation. It should a l s o  be observed t h a t  t h e  s o l u t i o n  of Block, 
e t  a l .  [ 11 is p r i m a r i l y  based upon monocoque s h e l l  theory  and its a p p l i c a t i o n  
t o  d i s c r e t e l y  s t i f f e n e d  c y l i n d e r s  is achieved by t he  convent ional  smearing- 
out  technique.  For t h i s  purpose, t h e  s t i f f n e s s e s  of t h e  d i s c r e t e  component 
members a r e  averaged over t h e  e n t i r e  s h e l l  su r f ace  t o  ob t a in  an equ iva l en t  
monocoque a n a l y s i s  model. I n  view of t h i s ,  i t  might sometimes be wise t o  
cons ider  t h e  i n t r o d u c t i o n  of modified component s e c t i o n  p r o p e r t i e s  t o  a r r i v e  
a t  t r u e  equivalence.  In f luences  from such sou rce s  as shea r  lag, s t i f f e n e r  
at tachment t echn iques ,  e t c .  might be r e f l e c t e d  i n t o  t h e  a n a l y s i s  by such 
modi f ica t ions .  F ina l l y ,  i t  should be noted t h a t  the s o l u t i o n  of Block e t  a l .  
Clj is  based upon Donnell-type s i m p l i f i c a t i o n s  which render  t h e  r e s u l t s  
i n v a l i d  f o r  non-axisymmetric buckle p a t t e r n s  having a small number of c i r -  
cumferen t ia l  waves. The rule-of-thumb g u i d e l i n e  is o f f e r e d  here  t h a t  t h i s  
s o l u t i o n  be cons idered  i napp l i cab l e  f o r  cases where 0 < n  < 2. 
2.2 COMBINED AXIAL LOAD, RADIAL PRESSURE, AND RUNNING SHEAR 
To analyze t h i s  case  of  combined loading,  t h e  t h e o r e t i c a l  s o l u t i o n  of 
r e f e r ence  2 may be used. Th i s  s o l u t i o n  c o n s t i t u t e s  a n  ex tens ion  t o  t h e  
theory  of Block, e t  al .  [l] which is d iscussed  i n  SECTION 2.1 above. To 
' 
accomplish t h i s  ex t ens ion ,  use  was made of t h e  same equi l ib r ium equa t ions  
a s  were employed by Block, e t  al .  These express ions  a r e  given above as 
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equa t ions  (2-6) ,  (2-71, and (2-8). Then, un l i ke  t h e  d e r i v r t i o n  of r e f e r ence  
1, t h e  term was r e t a i n e d  throughout a l l  of t h e  subsequent mathematical  
XY 
opera t ions .  The presence of t h i s  a d d i t i o n a l  term made i t  necessary t o  
in t roduce  displacement func t i ons  which d i f f e r  from those  expressed  a s  
equa t ions  (2-9). I n  p a r t i c u l a r ,  t h e  fol lowing formula t ions  were s e l e c t e d :  
u = s i n  FC mnx A c o s  -+ c o s  
m a "C R m x  E c o s  y- m 
v = c o s  y C B s i n  + s i n  mxx F s i n  a
m m 
m = 1 , 3 ,  --- m=2,4,  --- 
w = s i n  ZC R m x  C s i n  y- 
m 
+ cos  y m x  Dm s i n  
These equa t i ons  s a t i s f y  t h e  boundary cond i t i ons  of c l a s s i c a l  s imple  
support .  By s u b s t i t u t i n g  equa t i ons  (2-12) i n t o  t h e  equ i l i b r i um equa t i ons  
and by app ly ing  t h e  Gale rk in  method L51, one can  ob t a in  t h e  fol lowing s e t  
of homogeneous equa t i ons  [ 21 : 
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where 
and 
6 = 1  i f  p=m 
Pm (2-16) 
6 = O  i f p f m  
Pm 
The A I s  of equa t i on  (2-15) a r e  t h e  same q u a n t i t i e s  as were prev ious ly  
i S 
def ined  by equa t i ons  (2-11). 
Equations (2-13) througlt (2-16) f u r n i s h  a t k e o r c t i c a l  baairs f o r  com- 
pu t ing  the  buckl ing l oads  of  e c c e n t r i c a l l y  s t i f f e n e d  c i r c u l a r  c y l i n d e r s  
which a r e  sub j ec t ed  t o  combined a x i a l  l oad  and/or r a d i a l  p ressure  and/or 
running shear .  It should be noted t h a t  t h e s e  r e l a t i v e l y  compact equa t ions  
a c t u a l l y  r e p r e s e n t  an i n f i n i t e  system of homogeneous a l g e b r a i c  equa t ions  
and, from a p r a c t i c a l  s t andpo in t ,  one must r e l y  upon a d i g i t a l  computer t o  
o b t a i n  numerical r e s u l t s .  A t y p i c a l  a p p l i c a t i o n  might involve t h e  com- 
pu t a t i on  of a  c r i t i c a l  z i n  t h e  presence of g iven  z and loadings.  The 
XY x- Y 
des i r ed  c r i t i c a l  va lue  would be t h e  lowest  e igenvalue N f o r  t h e  determinant 
XY 
of t h e  c o e f f i c i e n t s  f o r  Cm and Dm. I n  gene ra l ,  t he  l a r g e r  t h e  s e l e c t e d  
determinant,  t h e  b e t t e r  is t h e  accuracy bu t  t h e  g r e a t e r  i s  t h e  computational  
e f f o r t  (computer machine-time) . 
No d i g i t a l  computer program i s  furn i shed  here  t o  i~nplement t h e  fore-  
going a n a l y s i s  method. It is t h e r e f o r e  recommended t h a t  such a program be 
developed i n  t h e  near  fu tu r e .  Note however t h a t ,  s i n c e  t h e  above r e s u l t s  
c o n s t i t u t e  an ex tens ion  t o  t h e  ba s i c  development of Block et al .  [lf, a l l  
of t h e  l i m i t a t i o n s  c i t e d  i n  SECTION 2.1 apply here  a s  well .  
2.3 COMBINED AXIAL LOAD AND OVERALL BENDING 
I n  order  t o  p roper ly  understand t h e  s ta te -of - the-a r t  r e l a t i v e  t o  t h i s .  
combined loading condi t ion ,  i t  is he lp fu l  t o  f i r s t  cons ider  t h e  cu r r en t  
s t a t u s  f o r  s t i f f e n e d  c y l i n d e r s  sub jec ted  only  t o  pure bending. To begin with, 
2- 9 
GENERAL DYNAMICS CONVAIR D I V I S I O N  
GDC- DDG-6 7-006 
it i s  poin ted  out t h a t  some disagreement e x i s t s  among t h e  r e c e n t l y  
published documents concerning t h i s  problem. On the one hand, the  
t h e o r e t i c a l   result^ of re ference  6 ind ica te  t h a t  t h e  c r i t i c a l  s t r e s s e s  
f o r  o r tho t rop ic  cy l inde r s  under pure bending a r e  equal t o  t h e  c r i t i c a l  
va lues  f o r  pure a x i a l  compression. This  is contrary t o  the  f indings  of 
Hedgepeth and Hall  [73 f o r  a p a r t i c u l a r  corrugated cyl inder  having in- 
t e r n a l  rings, .  For pure bending, these t h e o r e t i c a l  r e s u l t s  show a buckling 
s t r e s s  which is  approximately 1.23 times t h e  buckling s t r e s s  under uniform 
a x i a l  loading. S t i l l  another t h e o r e t i c a l  development w a s  r e c e n t l y  published 
by Block [ 8 ]  which s i m i l a r l y  shows d i f fe rences  between the  c r i t i c a l  s t r e s s e s  
f o r  t h e  two subjec t  loading conditions.  The theory developed by Block [ 81 
is an extension t o  the  bas ic  approach of reference 1. The same governing 
d i f f e r e n t i a l  equat ions of equi l ibr ium were employed. These expressions a r e  
given above as equat ions (2-61, (2-71, and (2-8). The va lues  and % were 
XY Y 
each s e t  equal t o  zero and was expressed i n  a form equivalent  t o  
X 
= E + E C O S  
X 
9 
R (2-17) b 
This  permits  cons idera t ion  of ove ra l l  bending a c t i n g  e i t h e r  alone o r  i n  
combination with uniform a x i a l  loading . The quant i ty  \ i s  the  peak 
X 
c b 
running compressive loading due t o  the  ove ra l l  bending moment. I n  the 
s o l u t i o n  of reference 8, the  following expressions were used t o  descr ibe 
t h e  buckling displacements u, v, and w: 
- 
PPXX %Y 
u = cos -;;C Cn C O S  
n=O 
m x  
v = s i n  bn s i n  
n=O 
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By eubetituting these functions into the equilibrium equations and 




The A i j  ' s  of equa t ion  (2-20)  a r e  t h e  same q u a n t i t i e s  a s  were p rev ious ly  
def ined  by equa t ions  (2-11). 
J u s t  a s  i n  t h e  combined load ing  a n a l y s i s  c i t e d  i n  SECTION 2.2 above, t h e  
r e l a t i v e l y  coapact  equa t i ons  (2-19) through (2-21) a c t u a l l y  r e p r ~  ..sent an 
i n f i n i t e  systern of  homogeneous a l g e b r a i c  equat ions .  Here again, from a 
p r a c t i c a l  s t andpo in t ,  one must r e l y  upon a d i g i t a l  computer t o  e s t a b l i s h  
numerical va lues  f o r  t h e  c r i t i c a l  loadings .  As before ,  t h e  s i z e  of t h e  
s e l e c t e d  system of equa t i ons  w i l l  determine t h e  accuracy ob ta ined  and t h e  
computational  e f f o r t  (computer machine-time) requ i red .  
The b a s i c  na tu r e  of  t h e  numerical  t schn iques  involved i n  t h e  a p p l i c a t i o n  
of equa t ions  (2-13) through (2-16) is t h e  same a s  t h a t  a s s o c i a t e d  wi th  
equa t ions  (2-19) through (2-21). To understand t h e  fundamental approach, 
t h e  l a t t e r  s e t  of  equa t i ons  w i l l  be f u r t h e r  d iscussed.  I n  t h i s  connection,  
it should be r e c a l l e d  t h a t  a s e t  of homogeneous a l g e b r a i c  equa t ions  can 
have a n o n t r i v i a l  s o l u t i o n  i f ,  and only  i f ,  the  determinant  of  t h e  c o e f f i c i e n t s  
equa l s  zero .  Hence, i n  t h e  case  of  equa t i ons  (2-19) through (2-211, one 
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might f i r s t  assemble the  determinant of t h e  c o e f f i c i e n t s  f o r  the  ails. 
This determinant could then be expanded and s e t  equal t o  ze ro  t o  obtain 
a polynomial equat ion i n  which, f o r  given m and n values,  e i t h e r  zx 
or  Ex is t h e  only unknown. For any s i n g l e  m-n combination, t h e  C 
b  
lowermost roo t  of t h i s  equat ion could then  be computed. Such computations 
might be repeated f o r  a l l  poss ib le  m-n combinations. The c r i t i c a l  loading 
would be the  lowermost value encountered i n  t h i s  screening type of operation. 
Although t h i s  procedure i s  r e l a t i v e l y  simple i n  concept, i t  is  o f t e n  qu i t e  
d i f f i c u l t  t o  a c t u a l l y  determine t h e  lowermost r o o t s  of t he  polynomial 
equat ions,  p a r t i c u l a r l y  when the  s i z e  of the s e l e c t e d  determinant is  l a rge ,  
Therefore,  mathematicians have devised a number of numerical schemes t o  
e x t r a c t  these  r o o t s  (eigenvalues) from the determinantal equation. Most 
computer l a b o r a t o r i e s  have on-the-shelf sub-routines t o  perform such 
opera t ions  and they w i l l  not be discussed any f u r t h e r  here, 
Following h i s  de r iva t ion  of equat ions (2-19) through (2-21), Block C81 
then computed some sample results for three contemporary types o f  e c c e n t r i c a l l j  
s t i f f e n e d  c i r c u l a r  cy l inders :  r ing-s t i f fened  corrugated cyl inders ,  ring-and- 
s t r i n g e r - s t i f  fened cyl inders ,  and long i tud ina l ly  ( s t r i n g e r )  s t i f f e n e d  
cyl inders .  Like the  r e s u l t s  given i n  reference 7 ,  Block [ 8 !  obtained 
d i f f e r e n t  c r i t i c a l  s t r e s s e s  f o r  the  separa te  cases  of pure a x i a l  load and 
pure bending mome,nt . The r a t i o s  of 
Pure Bending a_- 
G 1- 
Pure Compression Qcr 
ranged from 1.013 up t o  1.397. 
To place the contents  of t h i s  p a r t i c u l a r  s e c t i o n  i n  a proper perspect ive,  
i t  might be noted here t h a t  t he  h i s t o r i c a l  development of i s o t r o p i c  
cy l inder  theory l ikewise involved some controversy a s  t o  t h e  r e l a t i v e  
t h e o r e t i c a l  s t r e n g t h s  f o r  the  separa te  cases  of pure a x i a l  load and pure 
bending moment. An a n a l y s i s  presented i n  re ferences  9 and 10 indica ted  t h a t ,  
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f o r  an  assumed buckle waveform, t h e  c r i t i c a l  s t r e s s  f o r  i s o t r o p i c  c y l i n d e r s  
under pure bending was 1.3 t imes  the  c r i t i c a l  s t r e s s  f o r  pure compression, 
Th i s  c a l c u l a t i o n  was c i t e d  by Timoshenko t l l ]  without a q u a l i f y i n g  s ta tement  
as t o  t h e  assumed buckle wavelength. Because t e s t  d a t a  seemed t o  s u b s t a n t i a t e  
t h e  ex i s t ence  of such an i nc r ea se ,  t h e  1.3 f a c t o r  was used f o r  decades as 
a  g e n e r a l l y  app l i cab l e  value.  However, t h e  sma l l -de f l ec t i on  a n a l y s i s  of 
r e f e r ence  12 r e c e n t l y  r evea l ed  t h a t  t h e  r a t i o  of c r i t i c a l  bending and 
compression s t r e s s e s  can vary widely wi th  l o n g i t u d i n a l  wavelengths and 
t h a t  p roper ly  minimieed r e s u l t s  show t h a t  t h e  c o r r e c t  r a t i o  is  e s s e n t i a l l y  
equal  t o  un i t y ,  The apparent  i n c r e a s e  of bending s t r e n g t h  over compressive 
s t r e n g t h  i n d i c a t e d  by i s o t r o p i c  t e s t  d a t a  can  only  be explained by a 
cons ide ra t i on  of  t he  s e n s i t i v i t y  t o  i n i t i a l  imper fec t ions .  For a x i a l l y  
' compressed i s o t r o p i c  c y l i n d e r s  t he se  d e f e c t s  r e s u l t  i n  a severe  reduc t ion  
of a c t u a l  s t r e n g t h s  below classical t h e o r e t i c a l  values .  Since,  under pure 
bending, only  a smal l  p o r t i o n  of t h e  c y l i n d e r ' s  circumference exper iences  
t h e  peak s t r e s s e s  which i n i t i a t e  buckl ing,  t h e r e  is  a s t a t i s t i c a l  in f luence  
from t h e  p r o b a b i l i t y  f o r  d e f e c t s  t o  e x i s t  w i t h i n  t h i s  r e s t r i c t e d  region of 
t h e  o v e r a l l  s h e l l  wall .  As a r e s u l t ,  i t  is reasonable  t o  expect  t h a t ,  under 
pure bending, a c t u a l  r educ t i ons  below c l a s s i c a l  t h e o r e t i c a l  values will not  
be as severe  a s  those  f o r  pure a x i a l  compression. 
I n  view of a l l  t h e  f a c t o r s  c i t e d  i n  t h i s  s e c t i o n  concerning t h e  i n t e r -  
a c t i o n  behavior of s t i f f e n e d  c y l i n d e r s  and i s o t r o p i c  cy l i nde r s ,  i t  appears  
t h a t ,  t o  f a c i l i t a t e  t h e  p r a c t i c a l  des ign  and a n a l y s i s  of s t i f f e n e d  con- 
f i g u r a t i o n s ,  one might choose between t h e  fol lowing two a l t e r n a t i v e s  f o r  
c a se s  of o v e r a l l  bending a c t i n g  e i t h e r  a lone o r  i n  combination wi th  a x i a l  
load:  
(a) Assume t h a t  t h e  t h e o r e t i c a l  c r i t i c a l  s t r e s s e s  a r e  t h e  same 
f o r  t he  s e p a r a t e  c a s e s  of pure bending and pure a x i a l  
compression. The only  d i f f e r e n c e s  between a l lowable  l e v e l s  
f o r  these  two ca se s  would t h e n  r e s u l t  front t h e  a p p l i c a t i o n  
of knock-down f a c t o r s  ( see  Volume V [4]  ) which recognize 
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d i f f e rences  i n  the  p r o b a b i l i t i e s  f o r  i n i t i a l  imperfections 
t o  coincide with peak s t r e s s  locat ions.  The r e l a t e d  i n t e r -  
a c t i o n  curve would simply be taken a s  the  s t r a i g h t  l i n e  
which i n t e r c e p t s  t h e  hor izonta l  and v e r t i c a l  coordinate  
axes a t  va lues  of unity.  
(b)  Obtain t h e o r e t i c a l  c r i t i c a l  loadings from d i g i t a l  computer 
s o l u t i o n s  based on the  formulation of Block [8] .  A s  noted 
e a r l i e r ,  t h i s  s o l u t i o n  g ives  d i f f e r e n t  c r i t i c a l  s t r e s s e s  
f o r  the  separa te  cases  of pure bending and pure a x i a l  com- 
pression. Here again,  knock-down f a c t o r s  would be appl ied 
using t h e  c r i t e r i a  of Volume V [ 4 1. These f a c t o r s  would 
f u r t h e r  accentuate the  d i f f e rences  between pure bending and 
pure compression. To be s t r u c t u r a l l y  sound, a  given con- 
f i g u r a t i o n  must be capable of support ing the  loading com- 
b ina t ion  
Design zx 
c .  
where 
r ~ x i a l  = Knock-down f a c t o r  f o r  c i r c u l a r  
cy l inder  subjected t o  pure a x i a l  
load (see Volume V [ 4 ] ) .  
 end = Knock-down f a c t o r  f o r  c i r c u l a r  
cy l inder  subjected t o  pure 
bending (see Volume V C41). 
The recommendation of t h i s  volume is t h a t  a l t e r n a t i v e  (b)  be followed. 
However, no d i g i t a l  computer program is furnished here t o  implement t h i s  
recommendation, Furthermore, note t h a t ,  s ince  t h e  sub jec t  formulation of 
Block 181 c o n s t i t u t e s  an extension t o  the  bas i c  approach of re ference  1, 
most of t h e  l i m i t a t i o n s  c i t e d  i n  SECTION 2.1 apply here as well. Only those 
l i m i t a t i o n s  r e l a t e d  s o l e l y  t o  the  presence of pressure d i f f e r e n t i a l s  a r e  
inappl icable  t o  the  case under discussion. 
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SECTION 3 
PAHAMETRIC STUDIES 
I n  o rder  t o  observe some of t h e  t r e n d s  of i n t e r a c t i o n  behavior f o r  
e c c e n t r i c a l l y  s t i f f e n e d  c i r c u l a r  c y l i n d e r s ,  s e v e r a l  s t u d i e s  were conducted 
f o r  t h e  case  of combined a x i a l  l oad  and r a d i a l  p ressure .  Both of t h e  
fol lowing combinations were considered:  
( a )  Axial compression p l u s  r a d i a l  c rush ing  pressure .  
( b )  Axial compression p l u s  r a d i a l  b u r s t i n g  pressure .  
These i n v e s t i g a t i o n s  were performed by us ing  t h e  d i g i t a l  cotnputer program 
of SECTION 5. A s  noted e a r l i e r ,  t h i s  program is  based on t h e  t h e o r e t i c a l  
s o l u t i o n  of Block, e t  a l .  [l]. It should be r e c a l l e d  t h a t  t h i s  s o l u t i o n  
completely n e g l e c t s  t h e  e f f e c t s  of non-cy l indr ica l  pre-buckling deformations 
such as a r i s e  ou t  of t h e  presence of p r e s su re  d i f f e r e n t i a l s  and d i s c r e t e  
s t i f f e n e r s .  Local ized r e s t r a i n t  t o  Po isson ' s  r a t i o  hoop growth l ikewise  con- 
t r i b u t e s  t o  t h e s e  d i scon t inu i ty - type  deformations.  These two in f luences  
a r e  l i k e l y  t o  be q u i t e  important  f o r  a l l  s t i f f e n e d  con f igu ra t i ons  except those  
where t h e  s t i f f e n e r s  a r e  very  c l o s e l y  spaced. 
The con f igu ra t i ons  s t u d i e d  here  may be descr ibed  i n  terms of t h e  va r ious  
i npu t  va lue s  t o  the  d i g i t a l  computer program of SECTION 5. I n  p a r t i c u l a r ,  
these  a r e  a s  fo l lows :  
Conf igura t ion  1: 
R = Cylinder  Radius = 38.6 in .  
a = Overa l l  Length = 72 in .  
d = S t r i n g e r  Spacing = 2.48 in .  
L = Ring Spacing = 6.00 i n .  
D = 250 lb-in.  
X 
G 5 = 2x10 p s i  
XY 
')LX = 0.30 
E 6 = 30x10 p s i  
s 
G 6  = 12x10 p s i .  
S 
A = 0.020 sq. i n .  
S 
E 6 = 2x10 lbs / in .  
Y 
D = 300 lb-in.  
Y 
D = 182.25 lb-in.  
XY 
l l Y '  = 0*35 
p~ 
= 0.40 
E 6 = 25x10 p s i .  
r 6 
Gr = 10x10 ps i .  
A = 0.040 sq. in .  
r 
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I = 0,005 in. I = 0.010 in. 4 4 
0 0 
6 r 
J 4 3 = 0.006 in. 4 = 0.004 in, 
s r 
Configuration 2: 
Same as Configuration 1 except that 
1 = Ring Spacing = 0.5 in. 
Confiauration 3: 
Same as Configuration 1 except that 
4 = Ring Spacing = 72 in. 
Note that the eccentricity values for the above configurations are all 
taken equal to zero which means that the stiffener centroids are located 
in the middle surface of the basic cylindrical skin. To provide some insight 
into the influences from non-zero eccentricities, the following configurations 
were also included in the study: 
Configuration 4: 
Same as Configuration 1 except that 
- - 
a = 0.50 in. and zr = 0.75 in. 
S 
Configuration 5: 
Same as Configuration 3 except that 
- - 
z = 0.50 in. and z = 0.75 in. 
s r 
Various critical combinations of applied axial compression (f ) and 
X 
applied radial compression (f were determined for each of the preceding 
Y 
configurations so that interaction curves could be plotted. The results 
are tabulated in Table I and are plotted in Figure 2 where the appropriate 
configuration numbers are shown in parentiieses. The quantity Rx is the 
ratio of applied axial loading (f ) to the critical value of axial loading 
X 
when acting alone and the quantity R is the ratio of applied cir- 
Y 
cumferential (f ) to the critical value of circumferential loading 
Y 
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when a c t i n g  alone ( Y ~ ) .  Observe t h a t  t he  i n t e r a c t i o n  relationshipfs 
cannot be expressed by a s i n g l e  curve. Even i n  the  absence o f  eccen- 
t r i c i t i e s  (conf igura t ions  1, 2, and 31, v a r i a t i o n s  i n  t h e  bas i c  geometry 
l ed  t o  d i f f e r e n t  curves. The in t roduct ion  of non-zero e c c e n t r i c i t i e s  
r e s u l t e d  i n  f u r t h e r  complication i n  t h a t  still a g r e a t e r  number of curves 
then emer~ed.  
To s tudy the  'combination of a x i a l  compression a c t i n g  along with r a d i a l  
burs t ing  pressure,  so lu t ions  were obtained f o r  the same f i v e  configurat ions 
as c i t e d  above. These results a re  tlabul2ted i n  Table 11 and a re  p l o t t e d  i n  
Figure 3 where, once again,  t h e  appropriate  conf igura t ion  designat ions are 
shown i n  parentheses,  The c i rcumferent ia l  t e n s i l e  loading due t o  i n t e r n a l  
pressure is shown nondiinensionally i n  t e r m s  of t h e  circumferent ial  c r i t i c a l  
'compressive 1 oadi ng . Here t o o , i t  can be seen t h a t  vfiriations i n  t h e  
bas ic  geometry e c c e n t r i c i t y  values)  lead  t o  d i f f e r e n t  i n t e r a c t i o n  
curves. 
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TABLE I 
Calculated Data for Interaction 
Example Configurations - Axial 
Compression and External Radial Pressure 
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Without Eccentricities (2) 
Frame Spacing = 72. in. 
Figure 2 - Stability Interaction Results for 
Combined Axial Compression and 
External Radial Pressure 
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TABLE I1 
Calculated Data f o r  I n t e r a c t i o n  
Example Configurations - Axial 
Compression and I n t e r n a l  Radial Pressure 
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TABLE I1 
(continued) 
Calculated Data for Interaction 
Example Configurations - Axial 
Compression and Internal Hadial Pressure 
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Figure 3 - Stability Interaction Results for 
Combined Axial Compression and 
- 
Internal Radial pressure 
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SECTION 4 
DESIGN CURVES 
4.1 FIRST APPROXIM=LTIONS 
From t h e  c o n t e n t s  of t h e  fo rego ing  s e c t i o n s ,  it can be r e a d i l y  ap- 
p r e c i a t e d  t h a t  r a t h e r  complex computations a r e  r equ i r ed  before  one can 
p l o t  a ccu ra t e  i n t e r a c t i o n  curves  f o r  e c c e n t r i c a l l y  s t i f f e n e d  c i r c u l a r  
cy l i nde r s .  Therefore ,  i n  t h e  e a r l y  s t a g e s  of des ign,  i t  might o f t e n  be 
h e l p f u l  t o  make crude e s t i m a t e s  of t h e  t r u e  i n t e r a c t i o n  behavior.  For 
ca se s  of 
(a)  Axial conpress ion p l u s  r a d i a l  c rush ing  pressure  
(b )  Axial  compression p l u s  o v e r a l l  bending 
- 
( c )  Axial co:npression p l u s  in -sur face  shea r  (N 
*Y 
(dl Overa l l  bending p l u s  in -sur face  s h e a r  (g x 2  
t h e  simple s t r a i g h t - l i n e  p l o t  of Figure  4 could be used f o r  such purposes. 
The p ~ r a a e t r i c  s t u d i e s  of SECTION 3 and r e f e r ence  8 t end  t o  i n d i c a t e  t h a t  
t h i s  crude approxi iu '~t ion would g ive  conserva t ive  e s t ima te s  f o r  cornbinat i ons  
( a )  and ( b ) ,  r e s p e c t i v e l y .  I n  a d d i t i o n ,  t h e  l i m i t e d  t e s t  d a t a  of r e f e r ence  
13 i n d i c a t e  s i i n i l a r  conservat ism f o r  combination ( d l .  
4.2 IM?ROVED A2PROXIML4TI ONS 
I n  order  t o  ob t a in  i sproved  accuracy over t h a t  a f fo rded  by Figure 4, 
one could make use of  s t anda rd  dimensional a n a l y s i s  concepts t o  a r r i v e  a t  
approximate i n t e r a c t i o n  curves  f o r  e c c e n t r i c a l l y  s t i f f e n e d  cy l i nde r s .  To 
unders tand t he  approach which might be t aken  i n  t h i s  connection,  a d i s cus s ion  
is  given here f o r  t h e  p a r t i c u l a r  case  of a x i a l  compression a c t i n g  i n  com- 
b i n s t i o n  wi th  r a d i a l  c rush ing  pressure .  For t h i s  case ,  one can apply t h e  
t h e o r e t i c a l  s o l u t i o n  of Block e t  a l .  C l J .  The major d i f f i c u l t y  encountered 
i n  a t tempt ing t o  develop r e l a t e d  i n t e r a c t i o n  curves  a r i s e s  out  of t h e  l a r g e  
number of independent v a r i a b l e s  r equ i r ed  f o r  t h e  d e s c r i p t i o n  of p a r t i c u l a r  
conf igura t ions .  From equa t i ons  (2-10) and (2-111, i t  can be seen t h a t ,  
f o r  c y l i n d e r s  made of a s i n g l e  i s o t r o p i c  m s t e r i a l ,  t h e  i n t e r a c t i o n  behavior 
is  a  func t i on  o f  t h e  fol lowing:  
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m, For proportional increases i n  R, 
and R2, the margin of sa fe ty  is: 
-M*Se = .N - 1 
Note a l s o  that: 
I I 
- 








Figure 4 - First-Approximation Interaction Desian Curve 
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' 
As a f i r s t  s t e p  toward p r a c t i c a l  s i m p l i f i c a t i o n  of t h e  i nhe ren t  d i f f i c u l t i e s ,  
i t  is reasonable  t o  t a k e  p = .30 f o r  all case s ,  One can t h e n  employ t h e  
+ r e l a t i o n s h i p  
t o  exp re s s  G i n  terms of E. Furthermore, f o r  many s t r u c t u r e s ,  t h e  
t o r s i o n a l  cons t an t s  J and J w i l l  not  p l ay  very  s i g n i f i c a n t  r o l e s ,  There- 
s r 
f o r e ,  i n  t h e  i n t e r e s t  of s i m p l i c i t y ,  one might choose t o  s e t  both  of t he se  
v a l u e s  equa l  t o  zero. In fact, t h i s  is probably a prudent practice even 
where s i m p l i f i c a t i o n  is not an  ob j ec t i ve .  
As a r e s u l t  of t h e  several foregoing cons ide ra t i ons ,  t h e  array of 
v a r i a b l e s  involved i n  t h e  i n t e r a c t i o n  analysis reduces  t o  t h e  following: 
For added convenience, no t e  t h a t  t h e  r a t i o s  ( I Os /d ) and (I~:L) can be 
r e w r i t t e n  as  
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where, 
- 
I = Cen t ro ida l  moment of i n e r t i a  of s i n g l e  s t r i n g e r  (no 
s 
b a s i c  c y l i n d r i c a l  s k i n  inc luded) .  
- 
I = Cent ro ida l  moment of i n e r t i a  of s i n g l e  r i n g  (no b a s i c  
r 
c y l i n d r i c a l  s k i n  i nc luded ) .  
Because of t h e s e  r e l a t i o n s h i p s ,  t h e  above list of r e l evan t  v a r i a b l e s  can 
be r e v i s e d  t o  t h e  fol lowing:  
A t  t h i s  p o i n t  i t  becomes h e l p f u l  t o  app ly  t h e  Buckingham P i  Theorem C14] 
which c o n s t i t u t e s  t h e  primary dimensional  a n a l y s i s  concept of i n t e r e s t  t o  
t h e  p r e sen t  d i s cus s ion .  For t h i s  purpose it is f i r s t  noted t h a t  t h e  above 
reduced l i s t i n g  i nc ludes  12 v a r i a b l e s  which on ly  involve t h e  two b a s i c  
dimensions of f o r c e  and l e n g t h  (pounds and inches ,  f o r  example). From t h e  
Buckingham P i  'fheorem,it t h e r e f o r e  fo l lows  t h a t  t h e  i n t e r a c t i o n  behavior  
can be expressed  i n  terms of 10 ( = 12-21 dimensionless  r a t i o s  which may be 
chosen as 
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Thus the criticr.31 value for (5 /ER) can be expressed as fol lows:  
Y 









N = Crit ica l  value o f  circumferential compressive loading 
when acting alone. 
Simple algebraic operations then lead t o  the following resu l t :  
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Note t h a t  t he  number of r e l evan t  v a r i a b l e s  is stil l  unwieldy f o r  t h e  
p l o t t i n g  of design curves. However, f o r  se l ec t ed  values of the  r a t i o s  
i t  should be poss ib le  t o  s e l e c t  reasonable,  p r a c t i c a l  magnitudes f o r  the 
remaining r a t i o s .  Approximate i n t e r a c t i o n  curves could then  be p l o t t e d  
which would provide more r e a l i s t i c  preliminary es t imates  than can be 
obtained from Figure 4. Such procedures were followed i n  the  development 
of the  curves given i n  Figure 5. These p l o t s  a r e  furnished here only a s  
exaalples of what might be accomplished along these  l i n e s .  Within the  scope 
of the  i n v e s t i g a t i o n  covered by t h i s  volume, it d i d  not prove poss ib le  t o  
r e f i n e  t h i s  approach t o  a s u f f i c i e n t  degree t o  ob ta in  p r a c t i c a l  curves f o r  
d i r e c t  app l i ca t ion  t o  ac tua l  s t ruc tu res .  Some of the values s e l e c t e d  i n  
the  generat ion of these  curves r e s u l t e d  i n  r a t h e r  u n r e a l i s t i c  s i t u a t i o n s .  
Nevertheless,the p l o t s  do demonstrate an approach which might be f u r t h e r  
developed i n  the  fu tu re .  Such development should include f u r t h e r  study 
t o  a r r i v e  a t  reasonable p r a c t i c a l  r a t i o  values. I n  addi t ion ,  add i t iona l  
cons idera t ion  might be given t o  a l t e r n a t i v e  formats f o r  the  da ta  presenta t ion .  
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Stringers Outside, Frames Inside 
1-0 
Figure 5 (a) - Sample Improved- Approximat ion 
Interaction Design Curves for 
Combined Axial Compression and 
External Radial Pressure 
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Stringers Outside, Frames Inside 
F i ~ u r e  5(b) - Sample Improved - Approximation 
Interaction Design Curves for 
Combined Axial Com~ression and 
External Radial Pressure 
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Stringere Outside, Fraaes Inside 
Figure 5 ( c )  - Sample Improved-Approximation 
interaction Design Curves f o r  
Combined Axial Compression and 
External Radial  Pressure 
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Stringers Outside, Frames Inside 
F i ~ u r e  5 ( d) - Sample Improved-Approximation 
Interaction Desian Curves for 
Combined Axial Compression and 
External Radial Pressure 
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Stringers Outside, Frames Inside 
Figure 5 (e) - Sample ~mproved-~pproximation 
Interaction Desian Curves for 
Combined Axial Compression and 
External Radial Pressure 
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Stringers Outside, Frames Inside 
1.0 
Piaure 5 ( f) - Sample Improved-Approximation 
Interaction Design Curves for 
Combined Axial compression and 
External Radial Pressure 
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SECTION 5 
DIGITAL COMPUTER PROGRAM 
This s e c t i o n  presents  the  e s s e n t i a l  f e a t u r e s  of General Dynamics 
Convair d i g i t a l  computer program numbered 3962. This  program was de- 
veloped t o  implement the  t h e o r e t i c a l  s o l u t i o n  developed by Block, e t  a l .  
l] f o r  the  buckling of e c c e n t r i c a l l y  s t i f f e n e d  c i r c u l a r  cy l inde r s  sub- 
jec ted  t o  a x i a l  load and/or r a d i a l  pressure.  The program allows f o r  the  
input  of E o r  (+  = compression, - = t ens ion)  along with t h e  m and n 
Y X 
va lues  t o  be screened. 
m = Number of a x i a l  half-waves i n  buckle pa t te rn .  
n  = Number o f  c i rcumferent ia l  full-waves i n  
buckle pa t te rn .  
The (or ) value is  computed f o r  each m-n combination spec i f i ed  by 
X Y 
the  user.  The lowermost computed Ex ((or ) is always r e t a ined  throughout 
Y 
the  process and the  f i n a l  o v e r a l l  minimum value is p r in t ed  out as the  c r i t i c a l  
loading, Judgement must be exercised by the user  t o  insure  t h s t  t he  ac tua l  
minimum-strength buckle p a t t e r n  does not l i e  outs ide t h e  range of m and n 
values screened. The input  format is  shown i n  Figure 6. Symbols a re  l i s t e d  
i n  Table 111. 2% de ta i l ed ,  card-by-card description of the input  follows 
below. Runs may be stacked, 
CARD TYPE 1: One card per run. 
Enter PROBLEM IDENTIFICATION (any alphanumeric 
charac ters )  i n  columns 1-72. 
CBRD TYPE 2 :  One card  pe r  run. 
Enter  NCASES (number of cases)  a s  r i g h t  ad jus ted  in t ege r  
i n  columns 1-5. 
Enter PRNTOP (p r in tou t  opt ion)  a s  r i g h t  ad jus ted  in t ege r  
i n  columns 6-10. I f  PRNTOP = 0 (or  blank) ,  only output 
- 
corresponding t o  minimum N a r e  printed. I f  PRNTOP = 1 
(or#O) ,  a l l  output assoc ia ted  with each m and n 
combination screened a r e  p r in t ed  including the  Ai j  values 
used i n  equation (2-10). 
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N 
CARD TYPE 3: 
CARD TYPE 4: 
One card  p e r  case. 
Enter CASENO (case number) as r i g h t  ad jus ted  alphanumeric 
cha rac te r s  i n  columns 1-5. 
Enter LOADIN (loading condi t ion)  i n  columns 6-10 with 
the  symbols: 
COMBY i f  value input  on CARD TYPE 3. 
LY 
COMBX i f  N value input  on .CARD TYPE 3. 
X 
Enter M I N M  (minimum m value f o r  screening)  i n  columns 
11-20 ( ~ 1 0 . 5 ) .  M I N M  > 0, 
Enter MAXM (maximum m value for screening)  i n  
columns 21-30 (~10 .5 ) .  
Enter DELT-AM (Am) i n  columns 31-40 (E10.5). 
Enter MINN (minimum n value f o r  screening)  i n  
columns 41-50 (~10.5). M I N N  > 0 for COMBX. 
MINN r 0 f o r  COMBY. 
Enter MAXN (maximum n value f o r  screening)  i n  
columns 51-60 ( ~ 1 0 . 5 ) .  
Enter DELTAN (An) i n  columns 62-70 ( ~ 1 0 . 5 ) .  
Enter % (z o r  in columns 71-80 (E10.5). 
Y 
%%en is input ,  the program computes the  c r t t i c a l  
- 
NX value. Vhen 'ijX is input ,  the program computes the 
c r i t i c a l  value. (k and Lire pos i t ive  f o r  com- 
gress ion  and negative f o r  tens ion) .  
One card  per case. 
Enter RADIUS (H, cy l inde r  radius measured t o  mid- 
surface of sk in ,  i n . )  i n  columns 1-10 (E1.0.5). 
Enter LZNGTH (a, overa l l  l ength  of cy l inder ,  i n )  
i n  columns 11-20 6~10.5) .  
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Enter  STRSP (d, s t r i n g e r  spacing,  in . )  i n  columns 
21-30 ( ~ 1 0 ~ 5 ) .  
Enter  FRAMSP (1, frame spacing,  in . )  i n  columns 
31-40 (El00 5 )  
CARD TYPE 5: One card p e r  case. 
Enter  EX (Ex, l b s / i n )  i n  columns 1-10 (E10.5). 
Enter  EY (E lb s / in )  i n  columns 11-20 (E10.5). 
Y' 
Znter  DX (Dx, lb- in)  i n  columns 21-30 ( ~ 1 0 . 5 ) .  
Enter  DY (D lb- in)  i n  columns 31-40 (E10.5). 
Y' 
Enter  GXY (G l b s / i n )  i n  columns 41-50 (E10.5). 
XY ' 
Enter  DXY (D  lb- in)  i n  columns 51-60 (E10.5). 
XY ' 
CARD TYPE 6: One card per case. 
Enter  PRIMMX (pXt ) i n  columns 1-10 (E10.5). 
Enter  PRIMMY (p ' 1  i n  columns 11-20 (E10.5). 
Y 
Enter  M (px) i n  columns 21-30 ( ~ 1 0 . 5 ) .  
Enter  MY (P ) i n  columns 31-40 (E10.5). 
Y 
CARD TYPE 7: One ca rd  p,er case. 
En te r  ES (Es, p s i )  i n  columns 1-10 (E10.5). 
Enter  GS ( 4 ,  ~ s i )  i n  columns 11-20 (E10.5). 
2 Enter  A S  A ,  i n  ) i n  columns 21-30 (~10 .5) .  
4 Enter  IOS (I , i n  ) i n  columns 31-40 (E10.5). 
O s  
4 Enter  JS (Jsr i n  i n  columns 41-50 (E10.5). 
Enter  ZBARS (<, i n )  i n  columns 51-60 ( ~ 1 0 . 5 ) ;  ~ o s i t i v e  
f o r  ex t e rna l  s t r i n g e r s ;  negat ive f o r  i n t e r n a l  s t r i n g e r s .  
CARD TYPE 8: One c a r d  p e r  case. 
Enter  OR (GI., psi) i n  columns 11-20 (E10.5). 
2 Enter  AR A i n  i n  columns 21-30 (E10.5). 
4 Enter  IOR (,I , i n  ) i n  columns 31-40 (E10.5). 
0. 
A 4 Enter  JR (J r ,  i n  i n  columns 41-50 (~10 .5) .  
Enter ZBAILI( (<, i n )  i n  columns 51-60 ( ~ 1 0 . 5 ) ~  pos i t i ve  
f o r  ex t e rna l  r i n g s ;  negative f o r  i n t e r n a l  r i ngs .  
A sample input  coding form is shown i n  Figure  7. A sample output l i s t i n g  
is  g iven  i n  Figure 8. A b a s i c  flow diagram is presented i n  Figure 9 and 
a For t ran  l i s t i n g  of t h e  program is shown in Table IV. 
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Cross-sect ional  a r e a  of  c i r c u m f e r e n t i a l  
2 
s t i f f e n e r ,  i n  . 
Cross-sect ional  a r e a  of l o n g i t u d i n a l  
2 




I n d i c a t e s  gx va lue  i n p u t ,  so lve  f o r  




Bending s t i f f n e s s  of s k i n  i n  l o n g i t u d i n a l  
d i r e c t i o n ,  lb- in .  
Bending s t i f f n e s s  of s k i n  i n  circum- 





Twist ing s t i f f n e s s  of  sk in ,  lb-in.  
Value by which m is incremented. 
Value by which n is incremented. 
Young's modulus f o r  c i r cumfe ren t i a l  
s t i f f e n e r ,  p s i .  
E Young's modulus f o r  l ong i tud ina l  
S 
s t i f f e n e r ,  p s i .  
E Extens iona l  s t i f f n e s s  of s k i n  i n  
X 
l o n g i t u d i n a l  d i r e c t i o n ,  lbs / in .  
E Extensional  s t i f f n e s s  of s k i n  i n  
Y 
















1 Frame spacing, i n .  
G Shear modulus f o r  c i rcumferen t ia l  
r 
s t i f f e n e r ,  p s i .  
Gs Shear modulus f o r  l ong i tud ina l  
s t i f f e n e r ,  p s i .  
G In-plane shear  s t i f f n e s s  of 
*Y 
s k i n  panel, lbs / in .  
I Moment of i n e r t i a  of c i rcumferen t ia l  
O r  
s t i f f e n e r  c ross -sec t ion  about middle 
4 
sur face  of sk in ,  i n  . 
I Moment of i n e r t i a  of longi tud ina l  
* s 
s t i f f e n e r  c ross -sec t ion  about middle 
4 
sur face  of sk in ,  i n  . 
J Tors iona l  cons tan t  f o r  c i rcumferen t ia l  
r 4 
s t i f f e n e r ,  i n  . 
Js Torsional  cons tan t  f o r  l ong i tud ina l  4 
s t i f f e n e r ,  i n  . 
a length of s t i f f e n e d  cy l inde r ,  in .  
- Option descr ib ing  inpu t  loading: 
COMBY o r  COMBX. 
- Maximum value of in used. 
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MINM Minimum value of rn used. 
Maximum value of n used. 
Minimum value of n  used. MINN 
Poisson's r a t i o  f o r  bending of s k i n  
i n  longi tudina l  d i rec t ion .  
Poisson 's  r a t i o  f o r  bending of sk in  
i n  c i rcumferent ia l  d i r ec t ion .  
f o r  5 ( +  i n  compression) lbs/ in .  
X Y NBAR 
Number of cases.  
NOP = 1 used f o r  COMBY 
MOP = 2 used f o r  COMBX 
- 
N o r  input ,  Ibs/in. 
X Y Nxo RNY 
PRIMMX Poisson 's  r a t i o  f o r  extension of s k i n  
i n  longi tudina l  d i r ec t ion ,  
P R I M  Poisson 's  r a t i o  f o r  extension of s k i n  
i n  c i rcumferent ia l  d i r ec t ion .  
Pr in tout  option. If PRINTOP = 0 ( o r  
blank) ,  p r i n t s  only output assoc ia ted  
w i t h  minimum value of ca lcu la ted .  If 
PRNTOP#O,  p r i n t s  output f o r  a l l  com- 
b ina t ions  of m and n va lues  screened. 
Problem i d e n t i f i c a t i o n .  PROB I D 
HdDIUS Radius of cylindeqmeasured t o  mid- 
sur face  of skin,  in .  
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m for minimum 13 . 
n for  minimum . 
Stringer spacing, in .  
- 
Relative minimum N . 
Distance from middle surface o f  skin t o  
centroid of circumferential s t i f f e n e r ,  
i n . ,  pos i t ive  i f  s t i f f e n e r  is outside. 
Distance from middle surface of skin t o  
centroid of longitudinal s t i f f e n e r  i n . ,  
pos i t ive  i f  s t i f f ener  is  outside. 
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Figwe 9 - Flow Diagram - Proaram 3962 
TABLE I V  - Fortran List inn - Program 3962 
BIbFTC ~ i u i t d  LIST 
COMMON /IPJPT/ C A S E I J O ~ L O A D I N ~ M I N M ~ M A X M ~ D E L T A M ~ N ~ N N ~ M A X N * O E L T A N ~  
1 R A O I U S ~ L E N G T H I S T R ~ P ~ R A M S P ~ E X ~ E Y , D X ~ G Y ~ G X Y ~ D ~ Y ~  
2 ~ R I M M X ~ P R I M M Y ~ M X ~ M Y ~ ~ . ~ ~ ~ S ~ ~ ~ I I O ~ ~ J S I ~ R ~ R ~ ~ E ~ ~ G R ~  
3 U H * I O R I J R P Z B A R ~ P N O P ~ P I P P R N T O P ~ ~ ' J X O R N Y  
D I M L N S I O N  P R O B I O ( 1 2 )  
H E A L  I ~ I I N M ~ M A X M ~ M J ~ J N ~ M A X M ~ L E N G T ~ ~ M X ~ M Y ~ I O S ~ ~ ~ ~ I O R ~ J R ~ N R ~ R ~ N X O ~ ~ N Y  
i k T E b E K  COIW~XICOMUY 
U A i A  C O M ~ ~ X I C O M B Y  / 5 H C O M B X t S H C O k B Y /  
U A T A  P1 /3*1415926/ 
A U U  H E W  ( 5 ~ 1 0 1 )  PHObID 
1 0 1  FOHt4AT (12Ah) 
N H I I C  ( 6 ~ 2 0 1 )  PROBIG 
2 0 1  Ff)Hivi,iT (1Hlr20( / ) ,58X116t- ILANGLtY SOLUTION 1 0 ( / ) t 3 0 X 1 1 2 f i 6 )  
H E A b  ( 5 t 3 U l )  N C A S E S , P H N T O P  
301 F o k F l ~ f  1 i S t F 5 * 0 )  
LIO 1 0 0 0  t g = l r N C A S L s  
CALL INF'UT 
I F  ( P H N T G P * E Q * O * )  GO TO 310 
\ \ I<ITE ( 6 9  305) CASENO 
sub ~ O K M A T  ( ~ H ~ ~ S O X ~ ~ ~ H I I \ I T E R M E D I A T L  VALUES FOR C A S E ~ A S )  
5 1 0  idO?=il 
I F  (LOADIN*EQ.COF. IBY 1 N O P = l  
if- ( L O A D ~ ~ \ ~ . E O . C O ~ " I ~ X I  NOP=2 
f F  (f~I)t'*i\k.O) GO T 0  400 
b R I T L  (6,350) CAJENO 
350  FOHNAT ( / / /  8 7 X t 3 1 H O P T I O i d  GIVEN I N C O R R E C T L Y P  CASE A 3 r  6ti DELETEE) 
GO TC) 1 0 0 0  
4 0 0  CALL EQUATh 
500 CALL F INUL 
000 C A L L  uUTPUT 
1  UOO COI\IT ~ c J U E  
LO 7u  1 Q u  
Lt\lij 
B I e F T C  t U A k  L I S T  
K L A L  FUNCTION N B A P ( E X ~ F M X M Y ~ E S ~ A S ~ O ~ ~ M P ~ A * G X Y , F N ~ ' ~ ~ P ~ ~ ~ M M Y ~ R ~ Z ~ A U S ~  
1 E Y ~ ~ H A R L ~ Z B A R R , D X ~ ~ ~ S ~ D X Y ~ G S ~ J S ~ G R ~ J R ~ L ~ ~ Y ~ E R P  
2 I u R ~ N , N O P ~ M ~ P R N T O P ~ N X O ~ N Y I ~ Y ~ G M X M Y ~  
k t A ~  IOSrJStJRtL~lOR~~~MtFJXOHNY 
~ ( L A L  e;Y 
A l l  = ( € A  / FXXMT + t S * A 5 / D )  * FMpIA**2 + G X Y * F N R * * 2  
A l i  = ( P ~ ~ I M M Y * E X / ~ M X , V I Y  + GXYf  * FMPIA * F N H  
A 1 3  z ( ~ . / H ) * ( P R ~ ~ ~ M Y * E X / F M X M Y ) * F M P I A  + ~S*AS/D*ZBARS*FMPIA**~ 
A22 = G X Y * F M P I A * * ;  + (EY/FMXMY + E R A H L )  * F N R * * 2  
A23 = (l./R) * (LY /FMXWY + E R A R L )  * FNR + E R A R L * z B A f t H * F N H * * 3  
A33 = (DA/GMXMY + E S * I O S / D ) * F M P I A * * Q  t ( 2 e * M Y * D X / G M X N Y  
1 + d.*DXY + G ~ * J S / D  + G H * J R / ~ )  * FMPIA**2 * F N R * * 2  
2 + (DY/GMXMY + L H * I O R / L ) s F N H * * 4  + ( l * / H * * 2 ) * ( E Y / F N X M Y  
3 + E H A R L )  + ( ~ * * E R A R L * Z B A H R * ( N * * ~ / ~ * * ~ )  I 
60 T O  ( 1 0 0 0 ~ 2 0 0 0 ) t  NOP 
C 
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U=S f HSP 
L=FKAPiSP 
FMXMY = 1.-PHlMMX*PRLMMY 
GMXMY = 1*-MX*fdY 
EHAKL = t R * A R / L  
1 C tuT=Li 
G i Y  I ~NN-DELTAN 
100 h = h + u E L T A N  
I F  ( I J ~ G T ~ M A X N )  GO TO 6000  
FNK = N/H 
MzMihM-DELTAM 
LOO M = M + U L L T A ~  
l C i q T = i C N T + l  
I F  ( f ~ I . G T * N A X M I  GO TO 5000 
FMPlk = PI*PI/A 
GO I0  ( 1 0 0 0 t 2 0 0 0 ) ~  NuP 
C 
C hOF=l SOLVE F O R  N BAR X 
lb00 NEAkx = I ~ B A R ( E X ~ F M X M ~ ~ E S ~ A S ~ D ~ F M P ~ A ~ G X Y I F N R ~ P R I M Y R ~ ~  - 
I E R A K L ~ Z U A R H ~ D X ~ I O S * D X Y ~ G S ~ J I ; ~ G R ~ J R ~ L I D Y ~ E ~ ~ I ~ R ~ N ~ ~ ~ ~ P ,  
2 M ~ P K N T O P ~ N X O K M Y P M Y ~ G M X M Y )  
I F  (ICNT.kE.1) GO TO 1100 
T ~ ~ P z P J H A H X  
SI Ol<EM=M 
5TOHEI.I=IU 
GO T O  Y O U 0  
1100 I F  (~U I .~AKX*GE*TEMP)  GO TO 4000 
1 tMP=fdDAKX 
CJTOWI;M=M 
s T G ~ k t u = f J  
(70 1 u  40ilO 
C 
C hOP=2 SULVE FOR N BAR Y 
2000 NhAHY = I ~ B A R ( E X ~ ~ M X M Y ~ E S ~ A S ~ C ~ * F M P I A ~ G X Y ~ F N R * P R ~ M ~ Y ~ R ~ ~ ~ A R S ~ E Y I  
1 E ~ ? A K ~ ~ Z B A R R ~ O X ~ I O S ~ D X Y ~ G S V J S ~ G ~ ~ J R ~ L ~ O Y ~ E R ~ I O R ~ ~ ~ ~ ~ O P ~  
2 M ~ P R N T O P P N X O R N Y ~ M Y ~ G M X M Y )  
1F ( L C N T . N E * l )  GU TO 2100 
TEMP=IJUAHY 
5 T OK t l J i = M  
SToHLEd=N 
60 10 4000 






4UOU 60 Tu 20u 
5U00 GO TO 100 
6u00 hLTWrv 
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TABLE IV - Fortran L i ~ t i n n  - Pre~raa 3962 
(Continued) 
END 
BIbFTC FINAL LIST 
SUdROUT INE FINAL 
COMMON /INPT/ C A S E N O ~ L O A D I W ~ M I N M ~ M A X M , D E L T A M ~ M I N N ~ M A ~ N ~ D E L T A N ~  
1 H A D I U S ~ L E N G T H ~ S T R S P ~ F R A M S P ~ E X ~ E Y ~ D X ~ D Y ~ G X Y ~ D X Y ~  
2 P R I M M X ~ P R I M M Y ~ M X ~ M Y ~ E S ~ G S ~ A S ~ I O ~ ~ J S ~ ~ B A R S ~ E R ~ G R ~  
3 AR~IoR~JR~zBARR~NoPIPI~PRNTOP,NXORNY 
COMMUN /OUT/ X(S)rY(S)tVALUE(S) 
COMMON /INTER/ F M x M Y ~ E H A R L ~ T E M P ~ S T O H E M ~ S T O R E N ~ G M X M Y  
COMMON /RENAME/ A t D I L t R 
DIMEf\tSIOlu FN ( 5 )  
HEAL M I N M ~ M A X M ~ M ~ N N ~ M A X N ~ L E N G T H ~ M X ~ M ~ ~ I O S ~ J ~ ~ I O R ~ J R ~ N B ~ R ~ M ~ N  

















0 0 3 0 0  I=2t5 
F M P 1 A . Z  X(I)*PI/A 
FNR = FN(I)/R 
N = FN(I) 
M=X(I) 
VALUE(I) = N B A R ( ~ X ~ F M X M Y ~ E S ~ A S ~ D ~ F M P ~ A ~ G X Y ~ F N R ~ P F ~ I M ~ I Y ~ ~ ~ Z ~ A ~ S ~ E Y ~  
1 E H A R L ~ Z B A R R ~ D X V I O S ~ D X Y ~ G S ~ J S ~ G R ~ J R ~ L ~ D Y ~ E R ~ I O R ~ N ~  
2 N o P ~ M ~ P R N T o P ~ N x o R N Y ~ M Y ~ G M X M Y )  
500 CONTlNUE 
HETt ih l~  
LkU 
BIBFTC OUTPUT LIST 
SUBHUUTINE OUTPUT 
COMMON /INPT/ C A S E NOPLOADIN~MINM~MAXM~DELTAM~MINN,MAXN~DELTAN~ 
1 K A U I U S ~ L E N G T H P S T R S P ~ F R A M S P ~ E X ~ E Y ~ D X D Y ~ G X Y ~ U X Y ~  
2 P ~ ? I M M X ~ P R I M M Y V M X ~ M Y ~ E S ~ G S ~ A S ~ I O S ~ J S I Z R A R S ~ ~ E U ~ G ~ ~  
3 A R ~ I O H ~ J R ~ Z B A R H ~ N O P ~ P I ~ P R N T O P , N X O R N Y  
CGMlvrON /UUT/ X ( 5 )  ~Y(~)~vALuE('~) 
HEAL M I N M ~ M A X M ~ M ~ N N ~ ~ A X N P L E ~ G T H ~ M X ~ M ~ * I O ~ * ~ ~ ~ I O R ~ ~ R ~ N ~ ~ R ~ N X O R N Y  
wRiTL (6,100) C A S E N O ~ M I N M ~ N A X M ~ D E L T A M ~ M I N N ~ M A X N ~ D E L T A N  
100 FORMAT (1HltlXtSHCASE N O . ~ ~ X ~ ~ H M I N  *l6X*StiMAX Mtl4Xt7hDELTA MI 
1 14Xt5HMIN htl5XtSHMAX N ~ ~ ~ x ~ ~ H D E L T A  N // lX1AbtiPGE20.4 1 
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TABLE I V  - Fortran Listing - Program 3962 
(~ont inued)  
GO TQ (2U0,250).t NOP 
L O O  k R i 1  t ( 6 , 201  1 RAUIUS~ LENGTH, STRSP,FF?AF!SP~NXOR~JY 
201 FOHIVIAT ( / / /  ~ ~ X * ~ I ~ ~ C Y L I N D E R ~ ~ ~ X ~ ~ H O V E R A L L ~ ~ ~ X ~ . ~ H S T R I N G E ~ , ~ ~ X ~  
1 5ktFRAME / ~ Y x P ~ H R A D I u S ~ ~ ~ X ~ ~ ~ L E N G T H ~ ~ ~ X ~ ~ W S P A C I T \ J G ~ ~ ~ X ~  
2 7HSPACIhJGt34Xt7HN BAR Y / /  7Xt1P4E20.4 t1P~40 .4 )  
bo TO 299 
250 WRITL  ( 6 ~ 2 5 1 )  HA~IUSPLENGTH~STKSP,FKAFISP~NXORNY 
251 FOHtdhT ( / / /  LBX* ~HCYL INDER~  12~t i ' t . (ovEHALL1 3x t~ t - tS~R INGEt< t  13Xt 
1 511FHAME / ~ Y x ~ ~ ~ ~ R A D I u S , ~ ~ X , ~ H ~ E N G T H ~ ~ ~ X ~ ~ H ~ P A C I ~ ~ G ~ ~ ~ X ~  
2 7HSPAClNG*.54X*7HN BAR X / /  7 X * l P 4 E 2 0 * 4 t 1 P ~ 4 0 * 4 )  
299 fisi'rt (6,300) EX*EY~DX*~~Y~GXYIUXY 
300 FORMAT ( / / /  18X17i.iE SUB ~ t 1 3 X t 7 H E ;  SUB Y t 1 3 X t 7 ~ D  SUB X113Xt 
1 7HD SUH Yt lSXtBHG SUB XYt12Xt8HD SUB X Y  / /  7 X * l P 6 E 2 0 * 4  1 
bHIIE ( 6 ~ 4 0 0 )  PR~MMX~PHIMMY~MX~MY 
400  F O R P ~ A T  ( / / /  l8XvbHMU P R 1 M E t l 2 X t 8 W ~ u  PRIME 19X15tiSlJB X ~ 1 5 X e  
1 SHSUB Y ~ 1 4 ~ p b H M u  SUB Xt12X*BHMU SUB Y / /  7 X ~ l P h E 2 0 . 4  1 
w K i T L  ( 6 ~ 5 0 0 )  E S ~ G S ~ U S ~ I O S , J S P Z B A R S  
500 F U R I V ~ A T  ( / / /  119Xt5HZ BAR / l 6 X t 7 k i ~  54-43 St13Xt7HG SUB S r lSX ,  
1 7HA SUB St1SXt8WI SUH 0St12X17HJ SUB S t l 4 ~ ~ 5 H S U f i  S / /  
2 7 X t l P b E 2 0 * 4  1 
u # H I T E  (6 ,600)  ER~GH~AK~IOH,JH,ZBARR 
600 f-ORkiAS ( / / /  119Xt~-,I-iZ BAR / l aX t7k - I~  S U B  Kt13Xt7HG SUE R t l 3 X ~  
1 7tik SUB R t 1 3 X t 8 t { I  SUB 0 i i t 12X t7HJ  SUB H p l 4 ~ ~ 5 H S t I ~  H //
2 7xrlPbE20.4 1 
i i t < I T t  ( 6 r 7 d 0 )  
700 F O K i u l k l  (b(/) 51Xtk9HCRITICAL COMBINED LOAD VALUES //I 
* 12x1 9HNUiv,BEh O F ,  24x1  
1 9tiNUMUER 0 F t ~ 4 x t l O t i A X I A L  L O A ~ V ~ ~ X , ~ H H O O P  LOAD / 1 l X t  
2 ~ ~ H L O N G I I ~ U I ~ ~ A L ~ ~ ~ X ~ I ~ ~ I C ~ R C U F ~ F E H E N T I A L ~ ~ X P ~ H R  SUU X I  
3 24X , 9iiUAK SUtj Y / 12x9  OHH HALF WAVESt23X I  OHH HALF WAVES* 
4 . 23x1 101.iLtr5 PER I P J ~ ~ ~ X I ~ O H L B ~  PER I N  / /  
Go f b  ( 1 0 0 U 1 2 0 0 0 )  ,NOP 
1 U O O  a E l T <  1 6 t 1 0 0 1 )  ( X ( ~ ) ~ Y ( I ) P V A L U E ( ~ ) ~ F J X O R ~ J Y I I = ~ P ~ )  
1001 FOHclAT fi~tlPE21*4t1~3E33.4//(l~~~PE21~4~1P3~33.4)) 
/iETulii~l 
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